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SUMMARY 
Damping of flexural vibrations of a Timoshenko beam covered on 
one side by a viscoelastic material has been carried out by the classi-
cal theory of the damped oscillations. The analysis results in a fifth 
order partial differential equation of motion,, Since a closed form 
solution does not exist, the approach taken was to assume a periodic 
solution that satisfied the equation of motion., The logarithmic decre-
ment was found as a function of non-dimensional length of the beam and a 
non-dimensional viscosity parameter of the visco-elastic material which 
has been used as an adhesive layer to damp the flexural vibration of the 
beam. This approach has an advantage over the numerical analysis of the 
equation in the sense that the design of a structure subjected to random 
external forces having broad band characteristics requires knowledge of 
the "half-life period," rather than the actual wave form of the response•. 
As a result of this study the designer is provided with the logarithmic 
decrement as a function of non-dimensional length and viscosity parameter., 
The effects of rotary inertia and shear in the beam have also 
been considered in this study- These effects were first studied by 
Timoshenko on undamped freely vibrating beams8 This investigation extends 
the existing work on the response of damped structures by the inclusion 
of rotary inertia and shear,, 
A relation was found between the logarithmic decrement of ampli-
tude and non-dimensional viscosity parameter as a function of design 
} 
vii 
parameters. A Burroughs 220 digital computer program was written to give 




When mechanical elements must withstand vibration imposed in 
service, their natural frequency becomes a prime consideration. Fre-
quency of vibration depends upon the mass and stiffness of the element. 
At natural frequencies the forces of inertia and spring forces become 
equal and this makes the amplitude of the response very large (infinite 
under ideal conditions). Such a phenomenon is termed resonance. In 
the event of the mechanical element being exposed to random forces with 
broad band characteristics, several resonances are excited simultaneously. 
Techniques used to eliminate or reduce resonance or high ampli-
tude of response, may be generalized as follows; 
If the structure is a complex one, then the adjoining systems are 
designed with natural frequencies as far apart as the space and weight 
requirements permit. Obviously, the method can have very limited appli-
cations. 
If the characteristics of the external forces are knowm in: i 
advance, then the mechanical elements are so designed that their natu-
ral frequencies do not fall within the frequency range to which they will 
be exposed, 
The method which has found wide application may be called "damp-
ing the system*'.' Damping of the system is normally carried out by using 
isolators. Isolators are frequency dependent and so cannot be used for 
2 
damping of responses with broad band characteristics. 
The study carried out has been on damping materials so organized 
that they become frequency independent., The vibrating beam has been used 
as the basis of all further development in this work0 However, principles 
herein embodied are sufficiently general to be applied to any mechanical 
system. 
Statement of the Problem 
When a beam undergoes flexural vibrations, under the hypothetical 
conditions that there are no resisting forces, the beam will continue 
vibrating indefinitely., It has been observed that a layer of viscoelastic 
coating on the beam damps out the motion* This layer also undergoes 
vibrations and its extension and compression introduce shear forces. 
These shear forces cause dissipation of energy and thus tend to damp the 
vibration of the system. , 
Regardless of what mode of vibration is excited in the beam, the 
viscoelastic layer will have a response, and as long as the composite 
system moves, damping will result. This method of damping causes one to 
consider the effect of the shear of the vibrating beam itself. This 
problem was first studied by Timoshenko on an undamped free vibrating 
i . 
beam. This effect has also been considered in this work. 
As the beam undergoes flexure, each transverse element of the 
beam like ab, Figure 1, rotates about its point on the neutral axis. 
This introduces another term called "rotary inertia" of the beam, in the 
equation of the motion. 




Figure 1. Beam Under Flexure. 
4 
verified by the experiments. For experimental purposes, rubber and wood 
were used as viscoelastic materials and sheet metal as the vibrating beam 
material. 
Method of Analysis 
The procedure followed in this study is one of analysis and exper-
imental verification. First, the problem is treated analytically including 
such effects as shear in the beam and rotary inertia. Then the results 
of analysis are verified by experimental techniques. 
Certain non-dimensional relationships are derived relating the 
logarithmic decrement to the beam length and viscosity parameter of the 
coating material. A digital computer program was written to determine the 
logarithmic decrement from this relationship. A family of curves resulting 
from this computer analysis is presented. 
5 
CHAPTER II 
REVIEW OF THE LITERATURE 
One of the major problems in the designing of high speed aero-
planes has been that of reducing vibrations. Lately automobile manu-
facturers have also been confronted with the same problem. This has 
resulted in extensive research and several papers have been published. 
Viscoelastic materials have been found to be very effective in damping 
flexural vibrations, when coated on the inside of the fuselage of an 
aeroplane or inside of the framework of an automobile. The papers which 
have been published on the subject can be classified into two distinct 
areaSj 
1. Integral or constrained-layer damping 
2. Unconstrained-layer damping 
Composite structures which are used for integral or constrained-
layer type damping consist of two or more damping layers. A beam to 
which a single damping tape has been applied comprises a three-layer 
structure composed of 
1. The beam to be damped 
2. A viscoelastic layer, and 
3. An outer-constraining layer, generally of metal foil. 
In the case of N damping tapes, each damping tape consists of 
a layer of viscoelastic damping material and of an elastic constraining 
foil. A three layer composite beam has been illustrated in Figure 3. 
In the first area, there are papers by Unger, Ross and Kervin (2), 
Figure 2* Element of Single-Layer Plate or Beam. 
Figure 3. Element of Three-Layer Plate or Beam, 
& 
Whittier (6), and Thorn (12). The paper byyUnger, Ross and Kervin (2) 
is by far the most comprehensive work in the field known to the author. 
linger, Ross and Kervin (2) have made a number of assumptions, the 
important ones beings 
(1) The energy losses are assumed to be entirely attributable 
to the shear motion of the viscoelastic damping layers. 
(2) Shear strains of the constraining layers are negligible. 
(3) Extensional stresses of the viscoelastic layers are negli-
gible. 
The approach has been to find damping effectiveness r\ in terms 
of properties and dimensions of the base plate and the viscoelastic mater-
ial. Damping effectiveness has been defined as the imaginary portion of 
the complex combined flexural rigidity B , that is B = B(l + it|). 
The real part B is associated with elastic behavior, whereas the imagi-
nary part Br\ is associated with hysteretic, or dissipative, behavior. 
After making a simplifying assumption that the constraining layer 
is considerably less stiff than the base plate, they arrive at the rela-
tionship, 
,, = _ 1 2 Kh
2pcj 
1 + 2g + g2(l + p2) 
where 
G 
g = _ _ 
G = Shear modulus of adhesive 
G* « G(l + ip) 
K« = Stiffness of constraining layer 
9 /"nT"* 0 
P B W /-^-»(wave number) r nV B 
h \H3A 
K = K3/K1 ( « 1) 
In spite of £he number of simplifying assumptions, the result-
ing expression is rather complicated. In addition 
(1) There is no means of finding p 
(2) Loss factor (q) depends upon frequency 
(3) Loss factor (q) depends upon temperature 
(4) The analysis is not a general one and can not be extended 
readily. 
Thorn's (12) work has also been based on the concept of loss fac-
tor and so suffers from the same drawbacks as the analysis of the problem 
by Unger, Ross, and Kervin (2). 
Thorn's equation for the composite loss factor of any symmetrical 
damped laminate is 
,n = _axa- _ _ _ _ 
1 + (2 + Y)2g + (1 + p2)(l + Y)4g2 
where 
p = Core material loss factor 
Y = 3(1 + h ) 2 
h = HJ/UJ 
H-ji," Plate thickness 
H0 ~ Damping layer thickness 
G' .± y2 
9 ~ K1 H2 W m 
G' - Dynamic elastic shear modulus 
Kl = E1H1 
B - Bending stiffness lb-in 
2 4 
mi = mass per unit area lb-sec per in 
K.H2 K g(H + H ) 2 
Q - ,x l + _i—_i _ ± — 
6 1 + 2g 
The author is not familiar with any work which might have been done 
in the area of constrained-layer type of damping which is either based 
on the classical theory of flexural vibrations or even gives a simple 
expression which can be used readily for design purpose. All other work 
which the author has come across in this field is rather vague. 
In the unconstrained-layer type of damping, there have been papers 
by Plass (7), Lienard (13) and Oberst (14). 
Oberst has used theory of flexural vibration of beam to derive an 
expression for the loss factor. 
JL s: ^L— . 3 + 6C + 4£2 + 2ar3 + a2g4 
t|2 1 + at, x + 2a(2^ + 3^2 + ^3) + a2^4 
10 
where 
a = E2/E1 
E. = Young's Modulus of the material of beam 
E. = Young's Modulus of the coating material 
c =V d i 
d. = thickness of the beam 
d~ = thickness of the coating material 
f|9 = loss factor of the coating material 
Again* there is no means of finding loss factor of the coating 
materialo 
Lienard (13) has used energy methods for finding idamping effects,, 
He has found expressions for energy loss per cycle of the homogeneous 
beam and also of the coated beam. The difference in the energy loss per 
cycle in the two cases gives an idea of the damping effect. 
Energy loss per cycle is given bys 
Aiyw = [5.2 (f) 3i] ft (1) 
where 
AW. = energy loss 
2L = length of the beam' 
m = mass of the bar per unit width 
e = thickness of the beam 
11 
and 
\i = friction coefficient (viscous) 
N = frequency of free vibrations 
W == ic m A ^ for principal mode. 
If we consider a non-linear viscosity in which the force 
F = v -J—-de 
dt 
AW. 4 . 
1T-D500 £) i]a(v/N) (2) 
where 
A 
a = 2L 
A = amplitude 
2L = length 
In the case of a solid f r ic t ion 
- ^ = [o.33 ( f ) ' <•£)] i (f/N2) (3) 
Three ratios have been considered for a mixed metal-plastic 
beam,, If 
e = thickness of coating 
p = density of coating material 
12 
E. = modulus of elasticity 
The same symbols without indices are used for the beams 
!i - PA- fi -
e ~ 1 p ~ * E ~ ̂  
In the case of viscous friction, corresponding to equation (l) 
AWP T 3 i o 
- s r ' t 5 - 2 ^ (ff)d3hi»i)«] <4) 
where 
mt = m(l + hd) 
W = 10tnt A
2N2 
In the case of non linear viscous friction, corresponding to Equation 
(2) 
A W , _ 4 , 0 
-f± = [500 (=-) (—)] 4h(h + 1)(1 + 2h + 2h^)av1/N;
t; ) (5) 
In the case of solid friction, corresponding to Equation (3) 
AW 
- T p = [0.33 (-£- )2 ( i ) ] 2h(h+ 1) y a N 2 (6) 
From EqSo (l) through (6), one can find the effect of damping0 
Plass (7) extended the classical theory of flexural vibration of 
a beam to incorporate the damping effects of viscoelastic materials0 In 
the analysis a few mistakes were found- Plass (7) has made two assump-
tions which the author finds difficult to comprehend„ 
13 
First, the viscosity parameter p of the viscoelastic material 
has been defined as 
(E )a - E 
p , _£!_£ 
where 
(E )a is adiabatic modulus of the coating 
c 
E is isothermal modulus of the coating 
c 
r) is viscosity parameter of the coating 
c 
As (E )a, E and fj are all independent of the physical dimen-
sions of the coating, it implies that the damping effect of the coating 
is quite independent of the frequency of vibration of the beam, and so of 
the coatingo 
Second, C , which has been defined as 
E, + (Ec|a f 
C* b 
I 
E + E ' — cb c I. 
b 
where index b stands for beam and c for the coating, has been assumed 
to be 1,1o C* is a function of I /I. and hence if the thickness ratio 
c b 
of the coating and the bfeam changes, C* cannot remain constant,, 
These two difficulties have been overcome as follows? 
Nolle (4), instead of using adiabatic and isothermal modulii of elasti-
city9 has used the quantities which are real and imaginary parts E 
and E^ of the complex dynamical modulus £*«, 
14 
E* = E IE, 
The quantity E, is the ordinary or isothermal Young's modulus 
in the case of a material which has no viscous losses^ and is therefore 
a measure of the magnitude of the elastic force and is in phase with dis-
placement,, 
E~ is a measure of the viscous force (magnitude) which is out of 
HE 
phase with the displacement by -z radians0 It has been shown that 
E2 " %uc 




Hence^ p is equal to w «, 
The value of C* in this investigation is assumed as follows? 
Rubber and wood were used as viscoelastic materials0 Rubber was 
found to be reasonably effective as a damping material, where the thick-




d = thickness of rubber coating 
15 
D = thickness of the beam 
Using this ratio as 18j, and other properties of rubber as found 
experimentally? C* came to be 1»025. This value of C was used to 
plot the family of curves and also to find the implied thickness ratio 
for other combinationsi•.. 
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CHAPTER III 
CONCEPT OF ROTARY INERTIA AND EFFECT OF SHEAR IN BEAM 
Effect of Rotary Inertia 
Each element which is'transverse to the neutral axis of a beam 
undergoing flexural vibrations like element ab in Figure 49 rotates 
also about point C on the neutral axiSo The variable angle of rota-
tion is equal to the slope of the deflection curve expressed by 
8w 
8x r 
and the corresponding angular velocity and angular acceleration will 
be given by 
8 w . 8 w • x" i Trrzr and — 5 respectively, 
d x a t 8x8t2 
Therefore the inertia torques about the axis through its centre 
of gravity and perpendicular to the xw plane will be 
8x8t 
dx 
By summing moments, 
3 





Beam 40 Beam Under Flexure,, 
(c) 
Figure 5o Beam Under Shear, 
18 
'* Q Vbaxat2 U ) 
Effect of Shear in the Beam 
Figure 5(a) shows section of a beam which has been subjected to 
deflection, but no shear has been induced,, In this case, 
9 " 8x 
Figures 5(b) and (c) show the same section of the beam with shear 
induced, In this case, 
g= - e + P (2) 
where p is the angle of shear at the neutral axis in the same section,, 
Then, 
M • - Vb g < 3 > 
Q - K ' p A b 6 
K9 is a constant depending upon the cross section 
 b 
15 
° - K , < £ ~ e > A b G b 
Substituting this value in equation (l) 
,% 
V b ^ l ^ ' ^ - ^ ^ ' ^ b S - 0 (4) 
ox at 
For equilibrium in the transverse direction, 
19 
aq . . a2w . 
— i / - H v s A ft s _ _ . 0 r lX 
A V
 a x V b ft.2 9t 
8x 
or 
^ b 9 t
2
 9x
2 d x b b 
(5) 







JKP 8 w a
4 
8 w C T O w i A O W T O W U / c Q W U W \ r. 
Vb 7 4 + V b .7:2" Vb r s r ? " Î GT (Eb 7272 °p 7 4 } = ° 8x at ax at b ~ a x ^ f at 
In this equation, the third term is due to rotary inertia and 
fourth due to the shear in the beam* 
Rearranging the terms in the equation, 
* 4 8 w 
ax 
4 
p b , Pb 
Eb K ' S 
a4w -Pb 
2 2 E 
ax^at b 





Writing this equation in terms of longitudinal velocity of the stress 







c z c z 
0 © 
4 4 2 
a w 1 aw 1 a w 
9 9 9 9 4 9 9 9 
ax̂ at̂  c^c/ at c *V atz 
0 >̂ o 
= 0 
This is the Timoshenko beam equation and the same approach is used 
to incorporate the effects of rotary inertia and shear in the beam which 
has been coated with a viscoelastic material» 
20 
CHAPTER IV 
BEHAVIOR OF VISCOELASTIC MATERIALS 
Classical theory of elasticity assumes that the stress-strain 
relations are linear and independent of time* A number of bodies 
exhibit certain deviations from the above assumption and the stress-
strain relations contain a new variable - the time, 
Time variations of the mechanical properties of the medium are 
accounted for by regarding the medium viscoelastic, i.e», combining two 
media, one which is perfectly elastic, while the second has the proper-
ties of a viscous fluids elastic phenomena are governed by Hooke's law 
and the viscous phenomena by Newton's law„ 
Behavior of viscoelastic bodies can be explained by means of 
models consisting of a system of springs and dashpots (9). The springs 
describe the elastic properties, and the dashpots the viscous properties,, 
The system of springs and dashpots can be so chosen that the system fits 
as closely as possible to the experimental curves of the viscoelastic 
materials,, 
In this study, the amplitudes of vibration are assumed to be small0 
Therefore the behavior of viscoelastic material may be considered to be 
linear,, This also implies that Boltzmann's superposition principle will 
holdo This principle states that if a stress cycle tf,(t) produces the 
deformation e. (t), and the stress cycle <a_(t) the deformation e_(t), 
then the sum of the cycle 
<>1(t) + d2(t) 
produces the deformation 
ex(t) + e2(t) . 
The behavior of viscoelastic materials is best explained by a 
Kelvin-Maxwell combination model as shown in Figure 6(a). When a 
Kelvin model, shown in Figure 6(b), is subjected to a slowly applied 
load, no resistance is offered by the dashpot as sufficient time is 
allowed for fluid to flow past the plunger. If the load is applied 
suddenly, the dashpot makes the model behave as a rigid body0 In the 
Maxwell model, shown in Figure 6(c), slowly applied loads result in 
indefinite elongation. 
The combination model neither behaves as a rigid body to suddenly 
applied loads, nor gives unlimited deformation when exposed to slowly 
applied loads0 In this treatment it is assumed that springs and dash-
pots are so designed that load-stress and deformation-strain becomes 
identically equal. 
In the Kelvin model, the extensions of the spring e~ and of the 
dashpots e are equal and the stress is composed of two parts dq and 
d~, i.e. 
d~ = % + *s 
6S = E 6S 
9 eD 
22 
Kelvin-Maxwell Combination Model 




/ / / / / / / / / / / / / 
d 
Maxwell Model 
_!_/// / f / / / / / / 
6 
(b) (c) 
Figure 60 Model of Viscoelastic Material 
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For the Maxwell model 
e e + e 
s 
D 




= 1 dd 
E at n 
0 
or 
„ .- n dJL 1.9l 
0 " n at " E at 
Proceeding along similar lines for the model shown in Figure 6(a) 
d - . ^ a a + c .
 K . i + K 2 a i + K E 
a K2 ^t + c 2 K2 g t + K i e 
Arranging terms, 
(Kl+K2)|-|=c^(«-V) 
The corresponding stress-strain-time relations for simple axial 
stress conditions in the viscoelastic materials corresponding to the 
model shown in Figure 6(a) is: 
3e 3d (Ej. - E^ 
where r) is the viscosity parameter, E is the dynamic modulus of elas-
ticity and E is the isothermal modulus of elasticity0 Defining B as 
the equation becomes 
24 
(E ) . - E 
a = C A C 
P C fl 
6e 6c3' 
( E A sT - "ST - pc(ac " Ece) 
25 
CHAPTER V 
DEVELOPMENT OF THE EQUATION OF MOTION 
As shown in Figure 7? the angle of shear p of two transverse 
faces of an element of beam can be represented by 
P AS 
AG '§x 
K is a constant depending on the shape of the cross section onlyQ 
The curvature due to shear will depend upon the rate of change 
of angle of shear along the lengtho 
Therefore 
a 2 KE.I. 9
2M, 
r T 9 w - M JU b b b 11 \ 
bbIb — - - Mb + — j ~ - T (1) 
8x b 5x 
Substi tut ing 
and 
M f c I 
c 
e = + Z ^ c ~ 2 
ox 
into equation (l), Chapter IV5 
26 
M + ^ d x 
dx 
Q + T 5 dx 
M dx 
>• p + st d x 
Figure 7„ Relative Angle of Sliding p 
9& 5e 
^ A "at"" "at"= M v " Vc' 
yields 
•'^^•'i-^^v.^ 
o to x a x 
!2) 
The total bending moment of the composite structure is taken as the sum 
of moments in the beam and the coating„ Equation (l) is differentiated 
and combined with equation (2) 
E -£ + (E ) J • J L J L , + i (u + M ) 
b a x ^ t d t b c 
i » 2 
o w b c' b I. c I ' b . 2 
b b o x 
KE. b b 8 \ KE.I. . . D . D b 
A. G „ 2rUL 
b Qx a t 
A.G r c . 2 
b ax 
or 
n• » T JL-SL JL 9M - o 
a b 8 x ^ t **"*' 
M + E*I * T









+ A.G P c ° m 2 
b ox 
The deflection caused by shear in the beam is negligible as compare 
to the deflection caused by the momenta ... Thus without introducing any 
appreciable error, i t may be assumed that 
28 
a2Mb 
EbIb TT " E- 1 
B2M 
6x 
a *b a 2 dx 
Differentiating twice with respect to xs 
E » j 9 w + d M _ a 
a bex4at ax^at c 
2 4 
9 ' M., C#Y d w 
— j + E . I - ^ 
ax^ ax 
KE*I 5 KE*T 4 
1 a b ' 5°M , a 1 b « 6 M 
Ai& a 
,b ox 
4 fc4- ' A K G ^ C ft 4 
: O t b •• o x •• 
(3) 
From Chapter I I I , equat ion ( l ) 
3 
-_ . Q + x p _ _ s o 8x 
9x3-t 
(4) 
Considering the equilibriym of an element in the transverse direc= 
t ion» 
aa . p A a_H = 0 
a x b at 2 
(5) 
where 
pA, •- p. A. + p A 
r b r b b r c i 
Equations (4) and (5) give 
a M 
—5 « p 
3x 
A 2 









a " 4 
ax 
-a4 a& 
A a w = _ a.-w V2 a x ^ t b a 4 0 . 2 ax at 
29 
2 ,4 
Substituting values of —-^ and ~-~T into equation (3)s and 
9 x"' 9 x 
arranging terms5 
or 
C*T 9 w 




A 5 w , T 9 w 
A —=• + I. ™ — • 
b . , 3 b a 2a. 3 
clt ox 9t 
2 





2 + " b 
*4 
* T 9 w 
9x 
+ p 
% • ax*at 
9 . w 
4 -
ax ata 




A 5 * 7 
9 w T o w 





T ' 9 w . . 9 w _ D 
V . T 5 + pAbI3 • VcP 
9 x o t 9t 9x 
a 4 *2 
9 w . Q . 9 w 
"%? Pc P b a"? 
KE*XU 
a b _ 




2 2 b b 4 
3x 9t 9x at ' 
+ E*L -5JS-
3 b 9x49t 
_4 KE*I. 
+ h V c . 4 " A. G 
ax b 
5 7 
a w „ , 9 w 
A, —= r̂™^ + I b - 2, . 3 b a 4 . . 3 dx dt 9x 9t 
= 0 
Equation (6) i s the more exact equation of the flexural vibrat ion 
of the beam0 This i s a d i f fe ren t ia l equation of 7th order0 The solu-
tion of t h i s equation will give nearly perfect response of the beamQ 
In t h i s study simplif ications are made to reduce the order of the 
equation to five0 This i s done as followss 
From the equilibrium of an element in the vertical direction, 
2 
3x d X = PAb " J — d x 
at 
3 w 3 
b a +2 a 2 5t 5x 
v4 
E l. — 7 












"lb I 4l + 3 3x clt 
lb 3' 
at" 
Substituting these values into equation (6) and dividing the equa-
tion by pA, so that the equation may be written in terms of non-dimen-
sional quantities? 
b 8 w djw _J> ft 8 w f 8 w a b g 3 w 
Au a 2a 3 3 ~ A,"
 Pc a \ . 2
 fc a.2 pA, ° a 4a„ 
b ax ot at b axut at v b ax at 
+ K 
EX a b 
P ^ 
4 4 
3 w , __g_ a_w 
" 2 2 * ~"~4 
3x at E at 
a 
+ E # b
rc 3 w 
PAb 3 x 4 
E * i . n r as r as 
+ K a p £ 3 w j> 0 3̂ w 
PAb ' G " a"x2at3 E * at 5 
L a 
^ 0 




a 5 ( * ) a 3 ( g ) 
* 3 
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# / E 
where Co -
the equation becomes 
lc.2. a
5w« a V . 2 , 
K 2. 3 T K P c 
a x * ^ t , J a t , J 
4 2 
a _ w ^ _ . ft . OL! 
p c 2 
c at' 
2 2 
ax' a t ' 
E * 5 4 E # 
+ - V K ' 2 ^ T L L * K ° \ ° " ^ + K - g - K ' 2 pc* 





1/ I) d t 
5 i 
aw ' _EJ 
3x ^ t ' 3 
a5w' 
at'" 
= 0 (8) 
where primes represent nondimensional quantities„ 
The solution of equation (8) is of the form 
«l(x',f) - W(x') - e0'* 
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,iv - 0 
If the equation of the wave form at. any instance can be known9 
then this equation can be used to evaluate the logarithmic decrement or-
the half life period as a function .of B ,, the viscosity parameter of 
the viscoelastic material» The wave form can be found from end condi= 
tions as followss 
Rearranging terms of equation (9)9 





2 (i + -A-) a 2 
+ W a' (a''+ B •) K * K 
,2 „ -E' 
i 0 
For convenience sakes writing the equation in the form 





(a0 + p •) (1 + - ~ ) a 




(a1 + p ')K»K'2 ° %r a 
^ c __ <J 
_ _ E „ 
pc"+a' - V 
For a simply supported beam? the boundary conditions ares 
w(o) = w(i) - wii(o) - wii(i) - o 
To solve the'equation, finite sine transforms are usedo The equation 
becomess 
(SLifi) + 2 ( S l 2 r t . 
IA) r* V 
s i n x
1 dx' = A (10) 
From Four ie r S e r i e s , 
a ' t ' 
W(x\t') ^ ^ j » - £ 
+ a ' - ^ ) sis 
E 
ru-jr J • 
K ^ ' ^ 2E* „4 
n-1 ( ^ ) + ( S j S ) ' V + p c ' ) ( l + - f - ) a '
2 + ( a ' + P c ' ) K o K «
2 | » a 
(11) 
I f a' i s . found ? t;h
f-nr t h e exact s o l u t i o n of the beam may be obtained, 
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For n - 2, 4, 6, ° <>«? at mid span the numerator is zero0 The 
/ \ 4 
denominator of the equation (11) has the term a e 
4 ,nD ,4 
al =: ( T } 
4 „, ,1tD y4 
a3 * 81 (y) 
a^4 « 3125 ( f ) 4 
Hence the series converges very rapidly0 
For the purposes of experimental verification^ only the first term 
of the series may be considered, Writing the equation in the form 
w'(x\ t») = B sin L* x° e3'1' 
where L' is some function 'of lengthy and for a simply supported beam̂  
T » - !& 
L " 1 
Substituting 
and 
Ln ^ K 'L 1 1 0 5 
Pc
n = Pc* 10* 
aj" -= aB 105 
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(KK» 2 ^ M a » 5 l(f10 + pc
n [ KK»2 ~r ja"4 10°10 + 
/1 + K° lCf5 + KK' -g- l(f5) a"3 + P'c
n( 1+K9 10°5 + KK°~» 10"Ha"2 + 
f-£p Ln
2\ a„. + p.c" (L";2) = 0 (12) 
The solution of this equation (an) is the damping coefficient, 
and so the logarithmic decrement„ The theory of the computer program is 
given in Chapter VI for the solution of this equation 
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CHAPTER VI 
THEORY OF THE COMPUTER SOLUTION 
The problem that remains is to find the value of a" from equa-
tion (12) of Chapter V9 to the desired accuracy0 The computer can be 
programmed very easily to serve this purpose0 The first two terms of 
the equation are very small and so can be neglected for the time beingQ 
Writing the equation as 
E * 





1 + K' 10='5 + KK" -~- 10 
G 
Equation (l) will have three roots0 One of them will be a nega= 
•. (• • 
tive real quantity and the other two will be a pair jof! complex conju= 
'' • 1. ! 
gate quantities with a negative real parte, The first koot9i that is the 
negative real quantity9 will not cause vibrations as ijn that case the 
beam would be overdampedo The negative real quantity in the other two 
roots determines the amount of damping0 
Suppose the negative root is (=a?) and H is a small quantity0 
Then 
-af = - (pc" - H) 
An attempt is made to evaluate H as follows: 
Factorizing equation (l) yields 
(aw+ aj)(a"'2 + HaM + M) = 0 
This[factorization may be accomplished by writing the coefficients in 
the following manners 
E " 
7" Q Pc" 
n 
af Haj"' Mfll" 
1 H M 
Thus the f a c t o r s are 
(a" Hh a^1) 
and 
( a " 2 + Ha" + M) 
If the estimated value of H is H. where H. is greater than H5 
then the remainder in the last column will be a positive quantity, and 
not zero<. That is 
E * 
M „ . = a"3 + Pc» a»
2 + -i- q «• + Pc" q > 0 
rc 1 E 
Similarly, if the estimated value of H is H- such that UL 
is less than H, then 
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E * 3 9 a 
CSJ«-p »=H, " a" + h"a"" + 7T " a" + Pc"" < ° 
Thus the value of H is adjusted so that 
L^J0nsp^.H 
becomes zero. 
The logarithmic decrement coefficient will be the real part of 
the root of the equation 
o 
a." + Ha" + M = 0 
or 
H 
Sir s - 11 
c 1 
2 
Thus, the theory of computer solution is to find a value of H 
such that 
LSJan=B
 n-H * ° rc 
and then 
Pc" " al" 
Figur.es 8 and 9 show the results of computer solution for the 
roots of equation (ll), Chapter (v)o Families of curves for constant 
L", (nondimensional length) are shown in Figure &P and the same rela-
tion yields families of curves for constant p " (nondimensional viscosity 
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parameter) shown plotted in Figure 9o Thus, the data is presented in 
two different forms such that the effect of coating frequency on the 
logarithmic decrement for a constant Lw can be depicted and alter-
nately the effect of changing material length on logarithmic decrement 
can be depicted„ The roots of equation (11)-, Chapter (v) are shown 
plotted in Figure 8 and Figure 9 to a log-log scale as an expedient to 
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Figure 8. Logarithmic Decrement Constant L" 
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CHAPTER VII 
EQUIPMENT AND INSTRUMENTATION 
The equipment used in this study may be classified into two cate° 
gories: 
(a) Equipment for finding dynamic and isothermal modulii of 
elasticity of the viscoelastic material,, 
(b) Equipment for recording the damped vibration response of 
the beam. 
The equipment used for finding the dynamic and isothermal modulii 
of elasticity was Instron Tensile Testing Instrument Type TTo The 
essential features required of the instrument for measuring isothermal 
modulus of elasticity ares 
(a) A means for applying load at infinitely low speed* 
(b) A means for recording load and elongation at any desired 
magnification factor, 
If the same piece of equipment is to be used for finding dynamic 
elastic modulus also, then it should have an additional feature of apply-
ing load almost instantaneously and then being capable of recording the 
same. The Instron Type TT embodies all these characteristics0 
The equipment used for recording the damped vibration response of 
the beam was a Tektronix Oscilloscope. The oscilloscope used had the 
following specifications, 
Type 502 - Dual Beam 
43 
Load 
Figure 10, Transducer-Preamplifier Block Diagram,, 
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Sensitivity - 20 volts to 200 \i volts/cm 
Sweep - 5 secs0 to 1 |j. sec/cm 
The ballast circuit consisting of four strain gages of the speci-
fications; 
Type A-7 
Ress 120o5 ± ,3 CI 
Gage factors lo93 ± 2% 
were used in conjunction with a 45v battery, Figure 11a shows the bal= 
last circuity and Figure lib shows the actual arrangement of the system., 
The experiments were carried out on several cantilever beams of dif-
ferent proportions* Each beam was held, vertically in a vise,. The vise 
was mounted on a heavy table and the ratio of the weight of the vise-
table system, and the weight of the vibrating beam was of the order of 
1000. As no beat phenomena were observed in the response of the beam9 it 
may be assumed that the vise was rigid» The two active strain gages of 
the ballast circuit were mounted on the beam as close to the vise as 
possibleo The other two strain gages were mounted on a steel plate and 
enclosed in a shielded box. All connections were made with shielded wires*, 
The beam was given a small initial displacement by hand;land then allowed 
to vibrate freely. The time and sensitivity controls on the oscilloscope 
were adjusted till the response was obtained on the full range of the 
oscilloscope screen0 The response on the oscilloscope screen was on dis= 
placement - time axes. A polaroid camera was mounted on the oscilloscope 
to record the response, 
Investigators have found that the Kelvin-Maxwell combination model 
best explains the behavior of the viscoelastic material„ This assumes 
45 
that the damping is linear and that the energy considerations need not 
be carried out0 Their investigation and the assumptions have been 
accepted in the development of the equation of motion,. For the verifi-
cation purposesj, only the logarithmic decrement was found experimentally» 
In computing the logarithmic decrement, since the logarithmic decrement 
is independent of the amplitude, any two consecutive oscillations were 
used. The logarithmic decrement was computed from n and (n+l) 
oscillations and p and (p+l) oscillations, and then the mean 
taken* In most of the cases, n was the first, and p, the second 
oscillation. 
The beams used in the experiments ranged in the dimensions as 
follows? 
length 3 to 11 in, 
thickness* 0,015 to 0,050 in, 
width 2 in. 
The equation of the motion was developed on the assumption that 
the amplitude of the vibration was small. It is being assumed that with 
the small amplitudes the bond is not being effected. However, no attempt 
was made to find to what extent the bond was effected or to study the 
age hardening, 
It was also found that two beams with different coating materials 
but made to same L", P c%
 an l̂ C gave nearly the same logarithmic 
decrement. As the experimental results correspond very well to the theo-
retical derivations, it may be assumed that the assumptions made are cor-
rect and that the factors which have not been considered do not have 
appreciable effect on the logarithmic decrement, 
\ 
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Figure 11„ Schematic Diagram of the Circuit« 
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CHAPTER VIII 
DISCUSSION OF THE RESULTS 
A constant value of C results in a family of curves where vari' 
ables are fe" B " and L"o c 
Figure 8 shows a family of curves for 
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For any set of beam and coating materialss the thickness ratio, 
v D ; 
is defined by this equation. 
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Figure 12. Logarithmic Decrement 
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where P and R are constants depending upon the manner in which the 
beam is supported, i0e0 simply supported, or cantilever etc0 
For epoxy resin as coating material and steel as the cantilever 
beam material, 
B " = 0.92 L"r 
Kc 
The corresponding relationships for wood and rubber as coating 
materials are 
8 n = 0o42 L" 
vc 
and 
B n = 0o48 Lf? respectively 
Thus from Figure 8, it is not possible to have a beam=coating 
arrangement which will give results near the peak of the curve, or on 
its right side0 The peak occurs when 
B « = L" rc 
A coating material of high modulus of elasticity, and very low density 
will give results near the peak, or on its right side0 Laboratory equip= 
ment limitations have hampered the study of such a material„ 
For lower values of B n, the experimental curve is of the same 
nature as that obtained theoretically,, except that the slope of the curve 
is slightly different from that of the theoretical curveo Figure 12 
shows the experimental values,, 
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Effect of Changing the Value of C* 
From Chapter (VI), for M0 to be zero 
2 '* 
1 p " C*L2 p " L"2 
c c 
-(Pc
n - H ^ -H(pc" - Hx) -(pc» - Hx) C*L»
2 - HjCp^ -Hj) 
H p "L"2 -'(p " -H )C*L"2 - H . ( p " - H ) 
x <L v X X w X 
Pc«L"
2 - (p " - Hj) • C*L5«2 - H(p " - H) = 0 
and the substitution 
H1 * - 25" 
p " + C* L"2 p nLff2(C* = 1) 
6 n
3
 + 5»«4 n + _ £ _ _ _ ^ — 5n +
 C - = Q 
K c 4 8 
For 
and 
p n > 0 
L" > 0 
C® > 1 
the equation has one real negative root, and a pair of complex conju° 
gate roots0 Only the real negative part of the complex root has the 
physical significance of logarithmic decrement0 Figure 13 shows the plot 
of p " and *>" for a fixed Lw and different C*0 Figure 14 is the 
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From the equation above and Figure 14, it is seen that for the 
value of C of unity? the logarithmic decrement is identically zero0 
This is only reasonable since this case is defined as that of equal 
dynamic and isothermal modulii of - elasticity* There is no viscoelastic 
effect in the coating„ The other curves for varying C* are seen to 
have parallel slope on the rising portion,, This fact is borne out in 
Figure 14, which is plotted from a computer solution of the equation for 
varying values of C*\ 
The maximum value of the logarithmic decrement is found from the 
equation 
p g'2 + C* L"2 p »2 L"2(C* - 1) 
6»J + 6*'̂  p n-b - £ — — — — - 6" + c s 0 
d6" . 0 
dp" 
when 




max ~ 4 
It is seen from Figure 8 and Figure 99 that theoretically there 
exists a maximum value of logarithmic decrement which a coated beam can 
exhibit. Further increase in p " beyond that value at 6" results 
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shown that p " is a function of L" for a given system,, It is observed 
from Figure 8 for C* =: lo025 that the maximum logarithmic decrement 
occurs when (J n is numerically equal to Lf,„ 
It was found that the effects of rotary inertia and shear in the 
beam were so small that they need not be considered for the design pur-
poses,. However, consideration of these effects assumes importance because 
they give a more exact or nearly exact equation of motion., One can com-
pare columns 5 and 6 of Table 3o Column 5 is the value of the equation 
including inertia and shear terms0 Column 6 is the value of the equa-
tion with shear and inertia terms ignored0 
It was also observed that the damping effects were considerably 
less in the system in Figure 15a than in the system shown in Figure 15b0 
Recommendations 
It is recommended that viscoelastic materials with low density 
and high modulus of elasticity be studied for their properties and then 
used as the damping coating„ This may result in obtaining data at the 
peak or on the right side of the peak in Figure 8o Styrafoams are likely 
to have such properties„ 
A ballast circuit was used with an Oscilloscope to obtain the 
response of the vibrating beam0 The Sanborn recorder may be used along 
with the oscilloscope to obtain the same effects0 
It was assumed that the damping effect of the adhesive binding 
the viscoelastic material on the beam^ was negligible as compared to the 
damping effect of the viscoelastic layer0 It is recommended that the 
equation of motion be expanded to include the damping effect of the 
56 
adhesive also. An alternative to this is to evaluate the dynamic and 
isothermal modulii of elasticity^ and the density of the adhesive0 The 
designer can then choose an adhesive having properties similar to the 
coating material0 In this investigation^, a butyl based rubber adhesive 
was used to bond the rubber coating to the beam<, 
One recalls that, the effect of internal damping in the steel 
beam was not included in the derivation* For comparison purposes^ it 
is worthwhile to run experiment in vacuum to see the damping effects of 
the surrounding air0 
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Table 1 
Values of P and R 
Beam 
Simply Supported ic 
it 
loOOO lo571 










Free-Free OoOOO OoOOO 
59 
Table 2 
Experimental Results for 
C* = 1.025 
L" 6" 
0 . 8 1.6 0.020 
1.5 3.1 0.110 
1.5 3.1 0.063 
2.5 5 .0 0.048 
4 .2 8.6 0.052 
11.6 24.0 0.520 
11.6 24.0 0.350 
11.6 24.0 1.270 
33.3 24.0 1.900 
Table 3 
Computer Results for C* = 1.025 
L" B " o,f fe" SI S 
100.0 1.0 -„97561 -o012194 .2321.=06 .0000, 00 
100.0 .1 -,,09756 -.001220 ,1010, -01 .1010,-01 
75o0 100.0 •=99,09774 =.451130 .2212, 00 ,1300, 00 
75.0 10.0 -9,76006 - .119970 .1122, -01 .1100,-01 
50 ,0 40 .0 -39o39232 -.303 mo .1594. 00 .1500, 00 
50»0 4 . 0 »3o90301 - . 0 4 8 4 9 2 .9014^=02 .9000.=02 
25o0 40 .0 -39o71823 - .140882 .4465^-02 .0000, 00 
25o0 o l -o09756 -.001220 ,6480 , -03 .6480, -03 
10.0 100.0 -99„97524 =.01238D .1054, -01 .8000, -02 
10.0 o l - .09756 =.001220 .1240 , -03 .1240 , -03 
5.0 40 .0 -39o98460 - .007700 .1694,=01 .1670,=01 
5.0 o l -o09756 -.001220 .4820, -04 o4820,=04 
.5 100.0 -99,= 99993 -.000035 .7502 , -01 o7501,=01 
.5 40 ,0 -39o99984 =.000080 .6043 , -02 .6041 , -02 
.1 100.0 -99.99999 =.000005 .7500, -01 .7500,=01 
Sample Calculations 
Suppose a cantilever steel beam of length 8" and thickness 
l/l8 in„, and coated with rubber of thickness 1 in» gives a logarithmic 
decrement 
X 
6' = lnr^= 0ol2 
Xl 
E. + (E ) * :~ 
b c'a L 
r* - b 
E b + ^ • r 
D 
30 x 10u + 1400 x 18v 





E, + E 
b < 
I "1 1/2 
c 
I! 
pb ^c A, 
30 x 10 + .1200 x li 
7.5 x 10°4 + 0„6 x 10"" x 1! 
1/2 
= 1„5 x 10 
2 2 
L" = P°K9 - 2 — - o 10° 
1^ 
P * 0.356 (Table l) 
K* = 
N AD2 Jl2 
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L" = 0.356 • / ~ 2 2 18 x 8 
10 =5.0 
B » = P 
D d 
P * 12 I2 C * 
•in5 2 1 0 it 
= 0.356 1200 10* 




6" = 6' . — . 10 • W 
C * 
0 
= 0.12 10* 
18 x 1.5 x 10* 
• 0.555 • 
1.5 x 10* 
18 x 8 2 2* 
- 0.045 
Figure 16. Response of 8" Cantilever Beam, 
Time Scale 1 cm = 5 m.s. 
0200 BAC-220 STANDARD VERSION 2/1 /62 $ 
0200 COMMENT SOLUTION OF EQN (12)CHAFTER 5 $ 
0200 REAL BC,H,S,DEL,A,L,'S1,S2 $ 
r . 
0200 INTEGBl I $ 
0200 INPUT MAT (C) $ 
0207 INPUT DOG (N) $ 
0214 INPUT CAT (L) $ 
0221 OUTPUT RAT (L,BC,A,DEL,S1,S) $ 
0243 OUTPUT PAT(C) $ 
0250 FORMAT FM(B5,X7,3,B5,X6,2,B5,X9.5,BS,X8o6,B5,F9o4,B5,F9.4,B5,F9o4s,!IIIO) $ 
0267 FORMAT FMT ( B6, * C == *,X7„4,W2) $ 
0274 FORMAT FMTl(B8,*L*,B10,*BC*,Bll,*A*,B12,*DEL*,B10,*Sl*,B12,*S*,llf2) $ 
0289 READ ($$MAT) $ 
0293 WRITE ($$PAT,FMT) $ 
0301 WRITE ($$FMT1) $ 
0305 READ ($$ DOG) $ 
0309 r = 1 $ 
0311 Lloo READ ($$• CAT) $ 
0315 BC = lOOoOO $ 
0317 L2oa H = BC/100 $ 
0321 L3oa A = (-(BC-H)) $ 
0326 S = ((A)*3 + (BC)-((A)*2) + (C)°(A)«((L)*2)+(BC)-((L)*2)) $ 
0347 IF ABS (S) LSS ((OoOOOOl)°BC) $ 
0347 GO TO L6 
0356 IF S GTR 0 $ 
0356 BEGIN 
0356 H = H/10 $ 
0363 IF ABS (H) LSS 0.00001 $ 
0363 GO TO L6 $ 
0369 GO TO L3 $. 
0370 END $ 
0370 ,L4oo A = A + H $ 
0373 S = ((A)*3 + (BC).((A)*2)+ (C)-(A)-((L)*2)+(BC)-((L)*2)) $ 
0394 IF ABS (S) LSS ((0»00001)°BC) $ 
0394 GO TO L6 $ 
0403 IF S LSS 0 $ 
0403 GO TO L4 $ 
0407 H = -H/10 $ 
0411 IF ABS (H) LSS 0.00001 $ 
0411 GO TO L6 $. 
0417 L5.o . A = A + H $ 
0420 S - ((A)*3 + (BC)0((A)*2)+ (C).(A) * ((D*2)+(BC) „ ((L)*2)) $ 
0441 IF S GTR 0 $ 
0441 GO TO L5 $ 
0445 H * -H/10 $ 
0449 IF ABS (S) LSS ((OoOOOOl)«BC) $ 
0449 GO TO L6 $. 
0458 GO TO L4 $ 
0459 L6.» DEL = -(A+BC)/2 $ 
0466 Sl«(A-fflC).((3.((A/l0)*4)/{l0»7)) +((A*2)/(10»5))) + S $ 
0505 WRITE ($$RAT,FM; 
0513 IF BCNEQ 0.01 
0513 BEGIN 
0513 IF BC EQL 0,04 
0513 GO TO L7 
0523 BC = BC/10 
0527 GO TO L2 
0528 END 
0528 IF BC EQL 0.01 
0528 BEGIN 
0528 BC = 40 
0535 GO TO L2 
0536 END 
0536 L i t g IF I NEQ N 
0536 BEGIN 
0536 I = 1+1 




COMPILED PROGRAM ENDS AT 0548 
PROGRAM VARIABLES BEGIN AT 4337 
GLOSSARY OF ABBREVIATIONS 
Notes Syffix b stands for beam and c for the coating 
A Area of Cross Section 





C Velocity of longitudinal wave in the beam 
D Thickness of the beam 
d Thickness of the coating 
E Young 8s Modulus 
E * = E + (E ) • -£ a % + k V A Ife 
I 
E* = E + E ° — 
» Ec I b. 
G Shear Modulus 
I Moment of Inertia (Area) 




rt - «£ 
L " 1 
L" = K' • — - - 105 
1 
1 Length of the beam 
M Moment 
P Constant depending upon the beam 
R Constant depending upon the beam 
Q Shear Force 
C * 
x x D 
w Displacement in Y direction 
i w 
w s D 
, x 
*' • D 
Z Distance of the element from the neutral a 
a" = a ' - 105 
p Viscosity parameter of the coating 
* c 






p Angle of shear 
a Stress 
e Deformation 
9 Slope of the deflection curve 
A 
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